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Abstract

Elastic buckling of a long double-walled carbon nanotube embedded in an elastic medium and subjected to a far-field hydrostatic

pressure is analyzed using the energy method. The study is on the basis of elastic-shell models at nano-scale, and the effect of van der

Waals forces on the buckling is considered. The double-walled carbon nanotube is assumed to be thin and the tube is taken to be

perfectly bonded to the surrounding medium. Both normal and shear stresses at the outer tube-medium interface are included. The

difference between the Poisson’s ratio of the tube and that of the elastic medium is taken into account. An expression is derived relating

the external pressure to the buckling mode number, from which the critical pressure can be obtained. As a result, the critical pressure is

dependent on the inner radius-to-thickness ratio, the material parameters of the elastic medium, and the van der Waals force.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Since their first discovery and the establishment of new
effective methods for production, carbon nanotubes
(CNTs) have drawn a great deal of attention and a good
many stimulated extensive studies [1–10]. Both experimen-
tal and theoretical studies showed that CNTs have
exceptional mechanical and electronic properties such as
high stiffness-to-weight and strength-to-weight ratios and
enormous electrical and thermal conductivities [11–13].
CNTs are cylindrical macromolecules composed of carbon
atoms in a periodic hexagonal arrangement. The diameter
of a CNT is generally between 0.7 and 10 nm, and the
length can be as large as 104–105 times the diameter [14].
CNTs can be produced by an array of techniques, such as
arc discharge, laser ablation and chemical vapor deposi-
tion. Depending on the synthesis conditions, nanotubules
e front matter r 2005 Elsevier Ltd. All rights reserved.
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can be single-walled (a single tubule) or multi-walled (2–50
tubules positioned concentrically within one another). Due
to their remarkable mechanical, physical and chemical
properties, CNTs have emerged as potentially attractive
materials as reinforcing elements in composite materials.
As most potential applications of CNTs are heavily

based on a thorough understanding of their mechanical
behavior [15,16], the study of mechanical behavior of
CNTs has been one topic of major concern [11,17–20].
Besides the great deal of experimental works on CNTs,
investigation of mechanical response of CNTs by theore-
tical modeling has been pursued [12,14]. These modeling
approaches can be generally classified into two categories.
One is the atomistic modeling and the other is the
continuum mechanics modeling. The major techniques of
the atomistic modeling include classical molecular dy-
namics (MD), tight-binding molecular dynamics (TBMD)
and density functional theory (DFT). However, being very
time consuming and computationally expensive for large-
sized atomic systems, practical applications of these
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atomistic modeling techniques are very limited. Conse-
quently, it is desirable to develop continuum theories that
may overcome the limitations of atomistic simulations
concerning both time and length scales. Recently, con-
tinuum mechanics models have been widely and success-
fully used to study carbon nanotubes [11,18–22]. These
prior studies indicated that ‘‘the laws of continuum
mechanics are amazingly robust and allow one to treat
even intrinsically discrete objects only a few atoms in
diameter’’ [23]. Thus, continuum mechanics models will
continue to play an important role in the study of CNTs as
experiments at the nanoscale are extremely difficult and
atomistic modeling remains prohibitively expensive for
large-sized atomic systems.

When CNTs are subjected to external loads, the
phenomenon of buckling is often observed owing to their
large aspect ratio and tube-like geometry. Hence, buckling
of CNTs has been the subject of numerous experimental,
molecular-dynamics and theoretical simulations [11,21–26].
Yakobson et al. [11] compared the results of atomistic
modeling for axially compressed buckling of single-walled
nanotubes with a simple continuum shell model, and found
that all changes of buckling patterns given by the
molecular-dynamics simulations can be predicted satisfac-
torily by the continuum shell model. Ru [27] developed an
elastic honeycomb model for single-walled carbon nano-
tube (SWNT) ropes and obtained a simple critical buckling
pressure formula which gave a result in good agreement
with known experimental data. On account of the strong
evidence [17,28,29] that the van der Waals forces play an
essential role in the interaction of CNTs, especially for the
multi-walled carbon nanotubes (MWNTs), Ru [30] pre-
sented an elastic shell model to study infinitesimal buckling
of a DWNT under axial compression including the
effect of van der Waals forces. In addition, considerable
effort has been devoted to MWNTs embedded in a
polymer or metal matrix [22,31,32], where hydrostatic
compressive stress due to thermal mismatch and specimen
cooling is identified as a major factor affecting the physical
properties of embedded MWNTs. It is of great significance
to develop continuum models for MWNTs embedded in an
elastic medium. Recently, an elastic double-shell model
has been developed to study axially compressed buckling
of a DWNT embedded in an elastic medium based on
the Donnell equations [33] of linear theory of cylindrical
shells [19]. For simplicity, the elastic medium and the
nanotube are assumed to possess the same Poisson’s ratio
and the shear stresses at the tube–medium interface is
overlooked.

In this paper, the buckling of a long DWNT embedded
in an elastic medium and loaded by a far-field hydrostatic
pressure is analyzed using the energy method. The study is
on the basis of elastic-shell models. As a DWNT is
distinguished from traditional elastic shells by their hollow
double-layer structure and the associated van der Waals
forces, the effect of van der Waals forces on the buckling is
considered. The DWNT is assumed to be thin (the inner
radius-to-thickness ratio is larger than five) and the tube is
taken to be perfectly bonded to the surrounding medium.
In the present model, both normal and shear stresses are
included. The difference between the Poisson’s ratio of the
tube and that of the elastic medium is taken into account.
It is assumed that the initial displacements up to the point
of buckling are small so that the linear theory holds. An
intermediate class of strain-displacement relations as
defined by Brush and Almroth [34] is used for shell
deformations. In what follows, the inner and outer tubes
are assumed to have the same thickness and material
constants, and the subscripts 1 and 2 are used to denote the
quantities associated with the outer and inner tubes,
respectively.

2. van der Waals interaction

The intertube van der Waals forces of a DWNT can be
typically modeled by the Lennard–Jones potential [35]. The
van der Waals force exerted on any atom on the outer tube
can be estimated by adding up all interaction forces
between the atom and all atoms on the inner tube. To this
end, the latter can be approximated as a flat monolayer
because the major contributions come from the neighbor-
ing atoms on the inner tube. Hence, the pressure caused by
the van der Waals forces at any point on the outer tube can
be assumed to be a function of the distance between the
inner and outer tubes at that point [35].
As two nested tubes are originally concentric and the

initial interlayer spacing is equal or very close to the
equilibrium spacing, the initial van der Waals interac-
tion between two tubes of undeformed DWNTs can be
overlooked. When the external load is applied, the
interlayer spacing changes, and any increase (or decrease)
in the interlayer spacing will cause an attractive (or
repulsive) van der Waals interaction. For any point on
the outer tube, the van der Waals interaction pressure
depends linearly on the variation of the interlayer spacing
at this point. Thus, the pressure p1 which is positive inward
on the outer tube due to the inner tube can be expressed
by [19]

p1 ¼ cðw1 � w2Þ, (1)

where w1 and w2 are the radial displacements of the outer
and inner tubes, respectively, which are positive outward. c

denotes the van der Waals interaction coefficient, which is
defined as

c ¼
dGðdÞ
dd

����
d¼d0

, (2)

where GðdÞ is a nonlinear function of the intertube
spacing d, the details of which can be found from the
work done by Girifalco and Lad [35]. It is noted that
c is a constant which is determined by the slope of the
van der Waals law at the initial unbuckled interlayer
spacing d0 (about 0.34 nm). In accordance with the data
provided by Saito et al. [36], the coefficient c can be
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estimated by

c ¼
320 erg=cm2

0:16d2
ðd ¼ 0:142 nmÞ. (3)

Since the van der Waals forces between two tubes are
equal and opposite, the value of the pressure p2 on the
inner tube due to the outer tube can be obtained by

p2 ¼ �
a1

a2
p1, (4)

where a1 and a2 is the radius of the outer and inner tubes,
respectively.

3. Pre-buckling analysis

In this section, the uniform radial displacements of the
outer and inner tubes prior to buckling will be obtained.
The compressed circular form is taken to be the funda-
mental equilibrium configuration whose stability is under
investigation. Throughout the analysis, the condition of
plane strain is assumed, which is shown to be appropriate
when the length of the cylinder is more than three times its
diameter [37].

3.1. The outer tube and the elastic medium

If the effective pressure acting between the outer tube
and the medium is denoted by ~p, the circumferential
membrane stress of the outer tube prior to buckling can be
obtained by

sy1 ¼ �
~pa1

h
, (5)

where h is the thickness of the inner and outer tubes.
Assuming the stress–strain behaviour of the shell prior to

buckling is linear elastic, it follows from Hooke’s law and
the condition of plane strain that

�z1 ¼
1

E
½sz1 � nðsr1 þ sy1Þ� ¼ 0, (6)

where �z1 and sz1 are the axial membrane strain and stress
of the outer tube, respectively, and sr1 the radial membrane
stress of the outer tube. E and n are Young’s modulus and
Poisson’s ratio of the tube material, respectively. From the
above equation, we obtain

sz1 ¼ nðsr1 þ sy1Þ. (7)

Because there is van der Waals pressure acting on the
inner side of the outer tube and the tube is assumed to be
thin, the value of sr1 is taken to be equal to this pressure.
Thus, it follows from Eq. (1) that

sr1 ¼ p01 ¼ cðw01 � w02Þ, (8)

where p01 is the van der Waals pressure pre-buckling on the
outer tube due to the inner tube, and w01 and w02 are the
radial displacements of the outer and inner tubes pre-
buckling, respectively. For the circumferential strain,
combination of the Hooke’s law and Eqs. (5), (7)
and (8) gives

�y1 ¼ �
1þ n

E
ð1� nÞ

~pa1

h
þ ncðw01 � w02Þ

� �
. (9)

Noting that the pre-buckling circumferential displacement
v01 is zero, we have

�y1 ¼
w01

a1
. (10)

Consequently, combination of Eqs. (9) and (10) gives

w01 ¼ R1 ~pþ R2w02, (11)

with

R1 ¼
�ð1� n2Þa2

1

h½E þ a1cnð1þ nÞ�
,

R2 ¼
a1cnð1þ nÞ

E þ a1cnð1þ nÞ
.

Consider now the effective pressure ~p. The radial
displacement in the medium is given by [38]

ur ¼ �
1þ nm

Em

ðp� ~pÞ
a2
1

r
þ ð1� 2nmÞpr

� �
, (12)

where p denotes the far-field hydrostatic pressure, r is the
distance from the point to the axis of the tube, and Em and
nm are Young’s modulus and Poisson’s ratio of the elastic
medium, respectively.
At r ¼ a1, we have ur ¼ w01. Thus the expression of the

effective pressure ~p can be obtained by

~p ¼ Q1p�Q2w02 (13)

with

Q1 ¼
2ðn2m � 1Þa1

R1Em � ð1þ nmÞa1
,

Q2 ¼
R2Em

R1Em � ð1þ nmÞa1
.

It is noted from Eq. (13) that the effective pressure ~p
reduces to the hydrostatic pressure p when Young’s
modulus Em and Poisson’s ratio nm approach 0 and 0:5,
respectively, which are the equivalent properties of a fluid.
3.2. The inner tube

The circumferential membrane stress of the inner tube
pre-buckling is expressed as

sy2 ¼ �
p02a2

h
, (14)

where p02 denotes the van der Waals pressure pre-buckling
on the inner tube due to the outer tube. From Eqs. (1) and
(4), we obtain

p02 ¼ �
a1

a2
p01 ¼

a1c

a2
ðw02 � w01Þ. (15)
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Combination of the Hooke’s law and the condition of
plane strain yields

�z2 ¼
1

E
½sz2 � nðsr2 þ sy2Þ� ¼ 0, (16)

where �z2 and sz2 are the axial membrane strain and stress
of the inner tube, respectively, and sr2 the radial membrane
stress of the inner tube.

Because the tube is assumed to be thin, the value of sr2 is
taken to be zero. Thus, it follows from Eq. (16) that

sz2 ¼ nsy2. (17)

Making use of the Hooke’s law for the circumferential
strain gives

�y2 ¼
1

E
ðsy2 � nsz2Þ ¼

ð1� n2Þ
E

sy2. (18)

Substitution of Eq. (14) into Eq. (18) gives

�y2 ¼
ð1� n2Þa1c

Eh
ðw01 � w02Þ. (19)

It is noted that the pre-buckling circumferential displace-
ment v02 is zero, then

�y2 ¼
w02

a2
. (20)

Thus, it follows that

w02 ¼ Sw01 (21)

with

S ¼
a1a2cð1� n2Þ

a1a2cð1� n2Þ þ Eh
.

Combination of Eqs. (11), (13) and (21) gives

w01 ¼
R1Q1

1þ R1Q2S � R2S
p (22)

and

w02 ¼
SR1Q1

1þ R1Q2S � R2S
p. (23)

As can be seen, the uniform radial displacements of the
outer and inner tubes prior to buckling can be obtained
from Eqs. (22) and (23).
4. Buckling analysis

Since the critical load is the load at which a system in
equilibrium passes from stable to unstable, it can be
determined by finding the lowest load at which the second
variation of the total potential energy of the system is
nonpositive for at least one possible variation. In the
following, the changes in the total potential energy V of the
tube-medium structure due to infinitesimal displacements
from the above fundamental equilibrium state are con-
sidered.
4.1. Energy in the outer tube and the elastic medium

It is known that the strain energies per unit length
associated with stretching and bending of the outer tube
can be, respectively, expressed as [34]

Us1 ¼
Ka1

2

Z 2p

0

v01 þ w1

a1
þ

1

2

v1 � w01
a1

� �2
" #2

dy (24)

and

Ub1 ¼
Da1

2

Z 2p

0

v01 � w001
a2
1

� �2

dy, (25)

where v1 is the circumferential displacement of the
outer tube, K ¼ Eh=ð1� n2Þ, D ¼ Eh3=½12ð1� n2Þ�, and
v01 ¼ dv1=dy. From the study of a SWNT, the various
values of the effective bending and in-plane stiffness
and the corresponding effective Young’s modulus and
wall thickness have been found [11,39–42]. In this study,
the calculation of Yakobson et al. [11] is adopted for
the values of these parameters. Using the data of
Robertson et al. [43], they found that the effective bending
stiffness D is 0.85 eV while the in-plane stiffness
Eh ¼ 360 J=m2. Furthermore, they also obtained that the
thickness of the tube is h ¼ 0:066 nm, the corresponding
Young’s modulus is E ¼ 5:5TPa, and the Poisson ratio
n ¼ 0:19.
To obtain the second variations in the strain energies

associated with stretching and bending of the outer tube,
let

v1 ¼ v01 þ vi1; w1 ¼ w01 þ wi1, (26)

where (v01, w01) denotes the above fundamental equili-
brium configuration, and the incremental displace-
ment (vi1, wi1) is infinitesimally small. For the circular
form, v01 and its derivatives and w001 and its derivatives
equal zero. Introduction of them into Eqs. (24) and (25)
and rearrangement give the equations for the second
variations

d2Us1 ¼
K

a1

Z 2p

0

ðv0i1 þ wi1Þ
2
þ

w01

a1
ðvi1 � w0i1Þ

2

� �
dy, (27)

d2Ub1 ¼
D

a1

Z 2p

0

ðv0i1 � w00i1Þ
2 dy. (28)

In accordance with Ref. [34], the displacement increments
can be assumed as

vi1 ¼ V n1 sinðnyÞ, (29)

wi1 ¼W n1 cosðnyÞ, (30)

with nX2. The cases of n ¼ 0; 1 are not considered because
these correspond to the dilational and rigid-body motions
of the undistorted circular shell.
In order to simplify the analysis, it is assumed that v0i1 þ

wi1 ¼ 0 everywhere within the outer tube. This assumption
is often known as inextensional buckling since the
linearized strain �y1 ¼ v01 þ w1. Thus it follows from
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Eqs. (29) and (30) that

W n1 ¼ �nVn1. (31)

The second variations in the strain energies of the outer
tube then become

d2Us1 ¼
w01pðn2 � 1Þ2KV 2

n1

a2
1

, (32)

d2Ub1 ¼
pn2ðn2 � 1Þ2DV 2

n1

a3
1

. (33)

The potential energy of the pressure p1 is expressed
as [34]

O1 ¼

Z 2p

0

p1 a1w1 þ
1

2
ðv21 � v1w01 þ v01w1 þ w2

1Þ

� �
dy. (34)

Introduction of Eqs. (1) and (26) into Eq. (34) and
rearrangement give the equation for the second variation

d2O1 ¼

Z 2p

0

ca1wi1ðwi1 � wi2Þ þ
c

2
ðw01 � w02Þ

h
�ðv2i1 � vi1w

0
i1 þ v0i1wi1 þ w2

i1Þ

i
dy, ð35Þ

where use is made of

w2 ¼ w02 þ wi2. (36)

Substitution of Eqs. (29)–(31) into Eq. (35) gives

d2O1 ¼ ca1pn2Vn1ðV n1 � V n2Þ

þ
c

2
pð1� n2Þðw01 � w02ÞV

2
n1. ð37Þ

For the energy increase in the surrounding medium
caused by the infinitesimally small displacement increment
vi1 and wi1 of the outer tube, it can be obtained by the
assumption of conservation of energy. The difference
between the work done by the traction forces at the
tube–medium interface due to the displacement increments
and that done by the elastic medium to the tube through
the effective pressure equals the strain energy increase in
the medium.

On account of the assumption of perfect bonding
between the tube and the medium, at r ¼ a1, the radial
and circumferential displacement increments of the
medium are

u�r ¼ wi1 ¼ �nVn1 cosðnyÞ, (38)

u�y ¼ vi1 ¼ Vn1 sinðnyÞ. (39)

Ignoring the circumferential displacement at the outer
surface of the tube due to rotation of the tube elements, the
surface tractions at the tube–medium interface can be
expressed as [44]

Fn ¼ �
2ðn2 � 1Þð1� nmÞEmV n1

ð3� 4nmÞð1þ nmÞa1
cosðnyÞ, (40)

Ft ¼ �
ðn2 � 1Þð1� 2nmÞEmVn1

ð3� 4nmÞð1þ nmÞa1
sinðnyÞ. (41)
Then the work done by these surface tractions to the
medium is

M1 ¼
a1

2

Z 2p

0

ðF nu�r þ Ftu
�
yÞdy

¼
pðn2 � 1ÞEmV 2

n1½ð2n� 1Þ � 2nmðn� 1Þ�

2ð3� 4nmÞð1þ nmÞ
. ð42Þ

Simultaneously, through the effective pressure work is
being done by the medium to the tube. This work can be
obtained by [45]

M2 ¼
1
2
pðn2 � 1Þ ~pV 2

n1. (43)

As the first variation dUm ¼ 0 from the equilibrium
consideration, Fok [44] obtained the second variation of
the strain energy of the medium, which is expressed as

d2Um ¼ 2ðM1 �M2Þ ¼ pðn2 � 1ÞðB� ~pÞV2
n1 (44)

with

B ¼
Em½ð2n� 1Þ � 2nmðn� 1Þ�

ð3� 4nmÞð1þ nmÞ
. (45)
4.2. Energy in the inner tube

Under the van der Waals pressure p2, the strain energies
per unit length associated with stretching and bending of
the inner tube are

Us2 ¼
Ka2

2

Z 2p

0

v02 þ w2

a2
þ

1

2

v2 � w02
a2

� �2
" #2

dy, (46)

Ub2 ¼
Da2

2

Z 2p

0

v02 � w002
a2
2

� �2

dy. (47)

To obtain the second variations in the strain energies
associated with stretching and bending of the inner tube, let

v2! v02 þ vi2. (48)

With v02 ¼ v002 ¼ w002 ¼ w0002 ¼ 0, substitution of Eqs. (36)
and (48) into Eqs. (46) and (47) and rearrangement give the
equations for the second variations

d2Us2 ¼
K

a2

Z 2p

0

ðv0i2 þ wi2Þ
2
þ

w02

a2
ðvi2 � w0i2Þ

2

� �
dy, (49)

d2Ub2 ¼
D

a2

Z 2p

0

ðv0i2 � w00i2Þ
2 dy. (50)

The displacement increments can be assumed as

vi2 ¼ V n2 sinðnyÞ, (51)

wi2 ¼W n2 cosðnyÞ, (52)

with nX2. Assuming v0i2 þ wi2 ¼ 0 everywhere within the
inner tube, it follows from Eqs. (51) and (52) that

W n2 ¼ �nV n2. (53)
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The second variations in the strain energies of the inner
tube then become

d2Us2 ¼
w02pðn2 � 1Þ2KV 2

n2

a2
2

, (54)

d2Ub2 ¼
pn2ðn2 � 1Þ2DV 2

n2

a3
2

. (55)

The potential energy of the pressure p2 is expressed as

O2 ¼

Z 2p

0

p2 a2w2 þ
1

2
ðv22 � v2w

0
2 þ v02w2 þ w2

2Þ

� �
dy. (56)

Thus the second variation is

d2O2 ¼

Z 2p

0

ca1wi2ðwi2 � wi1Þ þ
a1

2a2
cðw02 � w01Þ

�

�ðv2i2 � vi2w
0
i2 þ v0i2wi2 þ w2

i2Þ

�
dy. ð57Þ

Introduction of Eqs. (51)–(53) into the above equation
gives

d2O2 ¼ ca1pn2Vn2ðVn2 � V n1Þ

þ
a1

2a2
cpð1� n2Þðw02 � w01ÞV

2
n2. ð58Þ

4.3. Determination of the critical load

Since the load p is a far-field hydrostatic pressure, small
displacement increments at the interface should not affect
the potential energy of the load p, i.e. d2O ¼ 0. Then the
second variation in the total potential energy is

d2V ¼ d2Us1 þ d2Ub1 þ d2O1 þ d2Us2

þ d2Ub2 þ d2O2 þ d2Um

¼ ða1 þ b1pÞV
2
n1 � 2ca1pn2Vn1V n2

þ ða2 þ b2pÞV
2
n2, ð59Þ

with

a1 ¼
pn2ðn2 � 1Þ2D

a3
1

þ pðn2 � 1ÞBþ ca1pn2,

b1 ¼
R1Q1pð1� n2Þ

1þ R1Q2S � R2S

ð1� n2ÞK

a2
1

�
c

2
ðS � 1Þ

� �

þ pð1� n2ÞQ1

1� R2S

1þ R1Q2S � R2S

� �
,

a2 ¼
pn2ðn2 � 1Þ2D

a3
2

þ ca1pn2,

b2 ¼
R1Q1pð1� n2Þ

1þ R1Q2S � R2S

ð1� n2ÞSK

a2
2

�
a1

2a2
cð1� SÞ

� �
.

The critical value of p is the smallest load for which the
second variation of the total potential energy is not positive
definite. Thus we have

dðd2V Þ ¼ 0. (60)

As the second variation of the total potential energy given
by Eq. (59) is a function of two variables Vn1 and V n2, we
can know that

dðd2V Þ ¼
qðd2V Þ
qV n1

dV n1 þ
qðd2V Þ
qV n2

dV n2. (61)

Since dV n1 and dV n2 are arbitrary, the expression in Eq.
(61) will vanish if

qðd2V Þ

qVn1
¼ 0;

qðd2V Þ
qV n2

¼ 0. (62)

Carrying out the operations, we obtain

ða1 þ b1pÞVn1 � ca1pn2V n2 ¼ 0, (63a)

�ca1pn2V n1 þ ða2 þ b2pÞVn2 ¼ 0. (63b)

Because the right-hand side of each equation is zero, they
are referred to as homogeneous equations. It is obviously
that V n1 ¼ Vn2 ¼ 0 is one solution to Eq. (63). This is the
trivial solution of equilibrium at all loads. The nontrivial
solutions of such a problem are obtained by setting the
determinant of the governing equations equal to zero. For
the case being studied, this means that

a1 þ b1p �ca1pn2

�ca1pn2 a2 þ b2p

�����
����� ¼ 0. (64)

Expansion of the determinant leads to

b1b2p2 þ ða1b2 þ a2b1Þpþ a1a2 � c2a2
1p

2n4 ¼ 0. (65)

This equation is known as the characteristic equation. It
determines a relationship between the external pressure p

and the buckling mode number n. With each n, the
corresponding external pressure p can be identified. The
critical pressure for elastic buckling is defined by the lowest
pressure with nX2.
As an example, we assume that Em ¼ 2:0GPa and

nm ¼ 0:3. In addition, let a2 ¼ 2:0 nm, then a1 ¼ a2þ

d0 ¼ 2:34 nm. As a result, the dependence of the external
pressure p on the buckling mode number n is obtained,
which is shown in Fig. 1. As can be seen, the external
pressure p reaches the minimum at n ¼ 3. Thus, the critical
pressure pcr is determined by n ¼ 3, the value of which is
about 0.25GPa.

5. Discussion

When the van der Waals force is ignored (i.e. c! 0), Eq.
(65) reduces to the result obtained by Fok [44]

b1pþ a1 ¼ 0, (66)

where b1 and a1 become

a1 ¼
pn2ð1� n2Þ

2D

a3
1

�
pEmð1� n2Þ½ð2n� 1Þ � 2nmðn� 1Þ�

ð3� 4nmÞð1þ nmÞ
,
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b1 ¼
2Ehpn2ð1� n2Þð1� n2mÞ
ð1� n2Þa1Em þ ð1þ nmÞEh

.

It can be observed that in the absence of van der Waals
forces, the elastic buckling of a long DWNT embedded in
an elastic medium and under a far-field hydrostatic
pressure is independent of the inner tube.

From Eq. (65) and with Em ¼ 2:0GPa, the relationship
between the critical pressure pcr and the Poisson’s ratio nm

of the elastic medium is obtained for a2=h ¼ 15, 20 and 25,
as shown in Fig. 2. It is seen from this figure that at the
same inner radius-to-thickness ratio a2=h, the critical
pressure pcr increases with the increment of the Poisson’s
ratio nm of the elastic medium, and at the same nm the
critical pressure pcr decreases with increasing the inner
radius-to-thickness ratio a2=h.
On the basis of Eq. (65) and with nm ¼ 0:3, the
relationship between the critical pressure pcr and the
Young’s modulus Em of the elastic medium is determined
for a2=h ¼ 15, 20, and 25, which is indicated in Fig. 3. As
can be seen, the critical pressure pcr become larger with
increasing the Young’s modulus Em of the elastic medium
at the same inner radius-to-thickness ratio a2=h, and with
the same Em the critical pressure pcr diminishes with the
increase of the inner radius-to-thickness ratio a2=h, which
is consistent with the result shown in Fig. 2.
On the other hand, with Em ¼ 2:0GPa and nm ¼ 0:3,

comparison has been made between the values of the
critical pressure pcr including the effect of van der Waals
force and those ignoring this effect, which is shown in
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Fig. 4. It is observed that the values of the critical pressure
pcr considering the van der Waals forces are larger than
those ignoring the van der Waals forces when the values of
the inner radius-to-thickness ratio a2=h are small and are
smaller when the values of a2=h are large. Accordingly, it
can be concluded that the influence of the van der Waals
force on the critical pressure is dependent on the inner
radius-to-thickness ratio.
6. Conclusions

Using the energy method, the elastic buckling of a long
DWNT embedded in an elastic medium and loaded by a
far-field hydrostatic pressure is analyzed. The DWNT is
assumed to be thin and the tube is taken to be perfectly
bonded to the surrounding medium. In the present model,
both normal and shear stresses at the tube–medium
interface are included. The difference between the Poisson’s
ratio of the tube and that of the elastic medium is taken
into account.

An expression is derived relating the external pressure to
the buckling mode number, from which the critical
pressure can be obtained. Ignoring the van der Waals
force, the elastic buckling of a long DWNT embedded in
an elastic medium and under a far-field hydrostatic
pressure is independent of the inner tube. It is concluded
that the critical pressure is dependent on the inner radius-
to-thickness ratio, the material parameters of the elastic
medium, and the van der Waals force. The influence of the
van der Waals force on the critical pressure is dependent on
the inner radius-to-thickness ratio.
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